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THE REDUCTION OF MULTIPLE Z-INTEGRALS OF SEPARATED 
FUNCTIONS TO ITERATED Z-INTEGRALS* 

BY 

J. K. LAMOND 

Introduction 

In the second volume of his book, Lectures on the Theory of Functions of 
Real Variables, '\ Professor Pierpont defines an integral which he calls an 
Z-integral, and develops a theory of integration which contains Lebesgue's 
theory as a special case. Up to a certain point, in Pierpont's theory, the 
field of integration does not need to be measurable, nor does the integrand 
need to be a measurable function in the sense of Lebesgue. In case the field 
of integration is measurable Pierpont shows that "an Z-integrable function is 
integrable in Lebesgue's sense, and conversely; moreover, both have the same 
value." 

In the Pierpont theory it is only in the theorems relating to the reduction 
of multiple i-integrals to iterated Z-integrals, and in the theorems leading 
up to this reduction, that the condition that the field be measurable is intro- 
duced. It is true that no one has yet defined a very satisfactory non-measur- 
able set and yet the existence of such sets has been established both by Lebes- 
guej and by Professor Van Vleck.§ The latter has also derived some of 
the properties which non-measurable sets must possess. 

In this paper I shall give sufficient conditions for the existence and equality 
of the multiple and iterated Z-integrals for a certain class of functions, called 
separated functions, defined over a field which may not be measurable. If 
the function is equal to or greater than some arbitrarily small positive quantity, 
these conditions are also necessary. In case the field is measurable a separated 
function defined over it becomes a measurable function and my extra con- 
ditions are necessarily satisfied. 

In what follows it is understood that all functions and all fields of integra- 



* Presented to the Society, December 31, 1913. 

t Published by Ginn & Co., Boston, 1912. These will be referred to as Lectures, II. 

JBulletin de la Soci6t6 Math^matique de France, vol. 35 (1907), 
pp. 202-212. 

^On a non-measurable set of points with an example. These Transactions, vol. 9 
(1908), pp. 237-244. 

Trans. Amer. Math. Soc. ae 387 
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tion are limited, and that the integral signs used denote i-integrals. * In case 
a Riemann integral is used the sign of integration will be prefixed thus: i? f. 

1. Preliminary Definitions f 

Let 2li , 3l2 , • • • be a finite or enumerably infinite set of point aggregates 
in n-way space which we denote by din . The point set formed by the points 
which belong to at least one of the sets 31(„ is called the union of these sets, 
and is denoted by ?7{2Ii, 512, • • • } or by ?7{2I„}. The point set formed by 
the points which are common to all the sets 2I„ is called the divisor of these 
sets, and is denoted by Z)»{5li , 2t2 , • • • } or by Dt){§l„} . 

Let 51 be a point set in dtn- Let D ={d^] be an enumerable set of metric 
sets. If each point of 51 lies in at least one of the sets d^, D is called an en- 
closure of 31 . The sets d^ are called cells. If the cells d^ are measurable, D 
is called a measurable enclosure of 51 . 

Let 21 = C/{2li, 5l2}- If there exists a measurable enclosure Ai of 51(i 
and a measurable enclosure A2 of 2I2, such that Dv{Ai, A2} is a null set, 
that is of measure zero, 5li and 3l2 are said to be separated sets. 

If 2ti < 21 , and 2li and 21 — Sli are separated sets, 2li is said to be a separated 
part of 21 . 

If 21 = U{^n] and each pair of sets 2l», %■ are separated sets, the sets 
{2tn} are said to form a separated division of 21. It is evident that each 2tn 
is a separated part of 21 . 

Let fixi, • • • Xn) be defined at the points of 21. Let a: S and |8 S 
be two numbers chosen at pleasure. If, for every pair of such numbers, the 
sets of points at which 
(1) /^-«, /3^/ 

are separated parts of 21 ,/ is said to be a separated function in 21 . In what 
follows the two sets defined by relations (1) are denoted by 2la and 21^ respec- 
tively. 

Let n = r + s. If we set the coordinates Xr+i , • • ■ Xn, of the points of 21 , 
all equal to zero, we get a point set 93 in r-way space Sir- We call i8 the 
projection of 21 on 9tr • Let x be an arbitrary but fixed point of i8 with coordi- 
nates {xi, • • • Xr) . Consider all the points of 21 whose first r coordinates 
are the coordinates of x . We denote these points by S ( a; ) , and, when no 
confusion can arise, simply by (J. We call S(a;) the section of 21 corre- 
sponding to X, and S and SQ components of 21. It is convenient to write 
2l = «-©. 

Let X (xi, • • • Xn) be an arbitrary but fixed point of 21 . Consider the 

* Defined later in § 1. 

t These definitions are, for the most part, given in Lectures, II. 
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points in (n + 1 )-way space whose first n coordinates are those of x . They 
are represented by ( xi , • • • a;„ , Xn+i ) , where Xn+\ ranges from — co to + oo . 
We call this set of points an ordinate through x . If a;„+i is restricted so that 

^ Xn+i ^ I, 

we call the resulting set of points a positive ordinate of length I. In case 
Z = the ordinate through x consists of the single point x itself. 

Let S{x\, • • • Xn) = be defined over 21 . Through each point a; of 31 let 
an ordinate be erected of length equal to/(a;) . The resulting set of points 
in 9tre+i we call the integrand set ^ oi f .* 

Let f{xi, • • • Xn) be defined over 21 and such that 

0^f<l. 

Through each point of 21 let an ordinate be erected of constant length I . The 
resulting set we denote by »S; from its definition S > ^ . We call 8 an enclosing 
ordinate set of ^ . 
If 21 = 93 ■ S is such thatf 



X^ 



S = 2l, 

/a 

then 21 is said to be L-iterahle with respect to i8 . 
The points x{xi, • • • Xn) such that 

ai = Xi ^ 6i , • • • an ^ Xn ^bn 

form what is called a standard rectangular cell. An enclosure of 21 of non- 
overlapping standard cells is called a standard enclosure of 21 . Let £ be a 
standard enclosure of cells en . If 

Ee« - i < 6, 

E is called a standard e-enclosure of 21. It has been proved that for each 
€ > there are standard e-enclosures of any limited 21 .J 

Let ei > €2 > €3 • • ■ = . Let E„ be a sequence of standard €»-enclosures 
of 21 such that the cells of En+i lie in E„ . The set 

% = Dv{E,,] 

* An integrand set for a function of both signs can readily be defined, but such a set is 
not needed in what follows. 

t This notation is used to d enote t he upper measiu'e of a set of points, viz., J is read upper 
measure of ?l . The symbols meas. and meas. are also used before parentheses to denote 
upper measure and measure. 

If two sets ?li and 8(2, in 9J„ and 3Jm respectively, enter into the^same consideration, the 
symbol ?li is understood to mean n dimensional upper measure and Slj to mean m dimensional 
upper measure. 

A definition of the integral here used is given below. 

I Lectures, II, § 363, 2. 
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is called an outer associated set of 31 , and it has been proved that Sle is measur- 
able and meas. He = 21.* 

The following is the Pierpont definition of an Z-integral. Let/ ( xi, • • • x„) 
be defined over 21 . Let D be a division of 21 into separated cells di, d^, • ■ ■ 
dn • • ■ oi norm d . Letf 

M^ = Max/inci, and m. = Min/ind. . 
Then _ _ 

Sj, = ^M,d, and Sj) = ^m, d^ 

are called the upper and lower sums of / over 21 for the division D . Since / is 
limited in 21 , Max Sj, and Min Sb , with respect to all finite and enumerably 
infinite separated divisions of 21, are finite. We call them respectively the 
lower and upper L-integrals of / over 21 and write 

MaxS^=r/, MinS^=r/. 
In case these two have a common value we denote it by 

which we call the L-iniegral of / over 21 . 



•/a 



2. Sepabated Sets and Sepaeated Functions 

Theorem 1. Let A,, t = l,2,3--- be separated parts of 21. Then 
3) = Dv{A,} is also a separated part of 21. 

Since ^^ is a separated part of 21, there exist measurable enclosures, D^ 
and E,, of A, and % — A^ respectively, such that Dv{D,, E,} is a null set. 
3) ^ Dv{D^} which is measurable by Lectures, II, § 361. Also, 

21-®^ [/{£.}, 

which is measurable by Lectures, II, § 359. Any point common to Dv{D,} 
and U{E,} lies in some Dv{D^, E,}. But we have seen that all such sets 
are null sets and consequently their union is a null set. We have thus enclosed 
3) and 21 — 3) in measurable enclosures whose common points form a null 
set, and hence, by definition, 35 and 21 — 3) are separated parts of 21 . 

Theoeem 2. Let A,, i = l,2,3--- be separated parts of 21. Then 
U{A,} is also a separated part of 21 . 

Let 21 — ^i = C^ . Since the sets A^ are separated parts of 21, so are the 

* Lectures, II, §369. 

fThe notation Max/ is Pierpont's; it means the least upper bound of/. Similarly for 
Min/. 
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sets Cj and consequently, by Theorem 1, Dv{C^} is a separated part of §1. 
Hence U{A^} = 21 — Dv{C^] is a separated part of 21. 

Theorem 3. Let f {xi, • ■ • Xn) he a separated function defined over 21 . 
Let M and N he two numhers chosen at pleasure, but so that M ^ N . Then 
the set of points at which 

M^f^N 
forms a separated part of 21 . 

Case 1. M = N. To fix ideas let M = iV = k > . Let 

iSi < ft < 183 • • • = K 
and 

is; > /s; > is; • • • = /c. 

Then D«{2l3^, 21^;) is the set for which f = k, and by Theorem 1 this is a 
separated part of 21 . 

Case 2. O^M<N. The set for which M ^/ < iVis Z»«{2t^,, 21 - 2I3J, 
/3i = If , ft = iV. This is a separated part of 21 by Theorem 1. By case 1, 
the points at which f = N form a separated part of 21 . The present case is 
then proved by Theorem 2. 

Case 3. M < N ^Q. Substitute a for /3 in proof of case 2. 

Case 4. ilf < < i\^. The set for which M < / < iV is 

i)j){2t-2t^,2l-2U, a = M, /3 = iV, 

which is a separated part of 21 by Theorem 1. The remainder of the proof 
of this case is similar to that of case 2. 

Theorem 4. Let %.= SQ ■ ^. Let {A , B} be a separated division of 21. 
Then the points of S& for which the corresponding sections of A and B are not 
separated form a null set. 

Let Ae and Be be outer associated sets of A and B respectively. Let 
"3) = Dv{Ae, Be}. By Lectures, II, § 372, meas. © = 0. Let the sections of 
2) corresponding to points oi SB he E . By I^ectures, II, § 418, 



meas. © 



= ( E = 0. 



Therefore £ is a null function. Hence, by Lectures, II, § 402, 2, the points 
of S3 for which E > form a null set SSI . By Lectures, II, § 372, 9^ represents 
those points of SB for which the corresponding sections of Ae and Be are not 
separated. But the points of SB for which the corresponding sections of 
A and B are not separated ^ '?ll , and form, therefore, a null set. 

Theorem 5. Let 21 = i8 • S 6e L-iterable with respect to SB which lies in 
r-way space 9?^. Let {A , B} be a separated division of 21. Then A and B 
are also L-iterable with respect to their projections on dtr . 

Let A =SBi- C andB = SB2- D. Let C and 3 be defined for each point 
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of Sd by setting them equal to zero for points of i8 which are not points of Sdi 
and 332 respectively. Let 3le, Ae, and Be be outer associated sets of §1, A, 
and B respectively, and Se, Ce, and De be the respective sections of these 
sets.* By Lectures, II, § 376, _ _ 

A + B = n, 

and by Theorem 4, _ _ _ 

(S. = C + D, 

except possibly at the points of a null set in SQ . Therefore 



(1) 



A + B = n= f^= fc+ fD= fc+fn, 

J^ «/9 t/9 t/!8 •-'a 



by Lectures, II, § 394, 1. 

Now let 3le be enclosed in an re-dimensional cube whose projection on 3Jr 
is q . Let C<, = for points of q which are not points in the projection of ^e, 
and De = for points of q which are not points in the projection of Be . Then, 
by Lectures, II, § 415, 

(2) fc^fCe = A, fD^fDe = B. 

These with (1) and Lectures, II, § 401, give 

2 = fc = f C, B = Cd = f D. 

Theobem 6. Let A and B be parts of 21 and '$[ = A + B . Then A and B 
are separated parts of §1 . 

Let %e, Ae, and Be be outer associated sets of 31, A, and B respectively. 
Evidently the sequences of standard €„-enclosures determining these sets 
may be so chosen that Ae and Be contain no points not in 2le . Hence 

n^Ae + Be-Dv{Ae,Be}^ne. 

Using Lectures, II, §§ 336 and 369, 2, we have 



§1 = meas. [Ae + Be - Dv{Ae, Be] ] . 

But, by Lectures, II, §§ 369, 2 and 358, the sets in the square brackets are 
all measurable, and we have 

n = A + B + meas. Dv{Ae, Be}. 

Hence, by hypothesis, meas. Dv{Ae, Be]= 0, and consequently, by Lectures, 
II, § 372, A and B are separated sets and separated parts of 31 . 

* Notice that S« is not necessarily an outer associated set of S in the usual sense. A similar 
remark applies to Ce and De . 
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3. Separated Sets and Separated Functions in the 
Theory of X-Integration 

Theorem 7. Let f(xi, ■ ■ ■ Xn) =0 be L-integrable in 21 . Then the inte- 
grand set 3 is a separated part of any enclosing ordinate set S . 

The ordinates of which S is composed are of constant length I . The func- 
tion I — f ^ and is defined over 21 . It, in turn, defines an integrand set 3' , 
which may be considered as being the set S — -3 . It is evident that 

S' = m^.{S - S), fl = S. 

These relations, with Lectures, II, §§ 394, 4 and 405, give 

S-5= fl- ff= fc/-/) =:3' = rrii^. (S-3). 
t/ji j% j% 

Hence, by Theorem 6, 3 is a separated part of S . 

Theorem 8. Let / ( Xi , • • ■ x„ ) 6e L-integrable in 21 . Then f is a separated 
function in 21 . 

First let / ^ . Designate by S an enclosing ordinate set of the integrand 
set 3 • Let 3/3 and S^ be the respective sets of 3^ and S whose ( w + 1 )th 
coordinate is equal to /3 . Since, by Theorem 6, 3 and S — 3 are separated 
parts of S , the sections 3/3 are separated parts of S^ , except possibly for a 
null set yi of values of /3 , by Theorem 4. Let b be an arbitrary but fixed value 
of /3 . Then there exists a sequence of values of /8 

/3i </32 </83 ••• =6, 

none of whose values lie in SR. . Hence each ^^^ is a separated part of S^^ 
and consequently 2l/3„, which is the projection of 3/3„> is a separated part of 21, 
which is the projection of S^^. As each 21/3,^, = 2l3„, each point of 2l6 lies 
in© = Dv[% } so that 

216^3). 

Also, as in the demonstration of Lectures, II, § 424 

2l6^S). 

Hence 

But, by Theorem 1, 3) is a separated part of 21. Therefore %, is also a 
separated part of 21 . But 2l6 is the set of points at which 

f^b. 

Since b was arbitrary / is a separated function by definition. 

The case where/ is of unrestricted sign may now be proved as in the demon- 
stration cited above. 
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I now state a theorem which is a further generalization of a theorem proved 
by W. H. Young.* I have proved the theorem, for a slightly less general 
case, in a former paper, f The proof as there given, with obvious changes, 
applies here. 

Theobem 9. Let f{xi,---Xn) he a separated function in 21 simJi that 
=f < M . Then f is L-integrable in 21 and 

n,d^. 



./a Jo 



Corollary 1. Let f{xi, ■ ■ • Xn) be a separated function in 21 suxsh that 
— N <f = . Then f is L-integrable in 21 and 



ff=-Rf n^da. 
J% Jo 



Corollary 2. Let f be a separated function of both signs such that 

- N <f <M. 
Then f is L-integrable in 21 and 



f = R\ %dl3- R ll^da. 
Jo Ja 



Theorem 10. Let f{xi, ••• Xn) be a separated function in 21 = © ■ (E. 
Thenf is a separated function in each @ belonging to a point ofSQ, except possibly 
for the points of a null set ^l . 

Consider first the case where /SO. By Theorem 7, the integrand set ^ 
is a separated part of any enclosing ordinate set S , and hence, by Theorem 4, 
each section ^ ( a; ) , corresponding to a point a; of i8 , is a separated part of 
8 (x) , except possibly for the points of '^ . Consider some arbitrary but 
fixed (E.{x) , X not in 'jR . Suppose that / is not a separated function in this © . 
The set B of^ values of /3 for which ©3 is not a separated part of S is such that 
either, 1°, B = or, 2°, B > 0. In the second case, by Theorem 4, ^ (x) 
is not a separated part of S (x) which is a contradiction. Consider now the 
first case. Let 6 be a point of B . Then we may choose a set of values of jS 

(3i < 182 < /33 • • • =b 

such that no i3„ lies in B . But then, as in the proof of Theorem 8, St is a 
separated part of S , which is a contradiction. Thus ©^ is a separated part 
of © for each /3 , which proves our theorem in this case. 

It is obvious that, if / is a separated function in 21 , it may be proved that 

* On upper and lower integration. Proceedings of the London Mathe- 
matical Society, ser. 2, vol. 2 (1904), pp. 52-66. Also, On the general theory of 
integration. Philosophical Transactions, vol. 204 (1905), pp. 221-252. 

t On the continuity of a Lebesgue integral with respect to a parameter. American 
Journal of Mathematics, vol. 36 (1914), p. 387. 
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/ minus a constant, is also a separated function in 21 . Hence, if / is of both 
signs, we may choose a number C such that / + C ^ . This function is 
then a separated function in 21 and consequently in each (S except those corre- 
sponding to points of 9t . Hence / is also a separated function over these 
sections. 

CoBOLLARY 1. Let f {xi , • • • Xn) he L-integrable in 21. Then f is L- 
integrable in each © belonging to a point of SQ , except possibly for the points 
of a null set ^l . 

Theorem 11. Let f (xi , ■ • ■ Xn) be a separated function in 31 = 53 • @ 
which is L^terahle with respect to 58 . Let b denote those points of 33 for which 
f is a separated function over the corresponding sections ® . Then 



(1) ff=fff 



Let us first consider the case where / ^ . As / is limited, we have 

0^/<M. 
As /3 ranges from to ilf the field 21,3 ranges from 21 to zero. Let Z>»{21,3 , @} 
be denoted by ©/a . For points of i8 which are not points of the projection 
of % set S3 = 0. Then % is defined over a field J = 33 • (0, M) and in 
turn defines a certain integrand set ^ , resting on A . Let S be an enclosing 
ordinate set of ^'^ Denote 8 — ^ hy ^' . Let the points of ^, ^' , and 8 
corresponding to some /3 of the interval ( , 1/ ) , or to some point a; of 33 , 
be3=(;8), 3'(/3), S(/3) and ^(a;), ^' (x) , S(x) respectively. 8 consists 
then of a set of ordinates of length I erected on A, or it may be considered 
as a set of ordinates of length M erected on B = 33 • I.* Thus the pro- 
jection of any 8 (^) on B is B itself. 

Let us first show that for any /3 , arbitrary but fixed, -3 ( /3 ) and ^' (fi) 
are separated parts of <S(/3). By hypothesis, 21^ is a separated part of 21. 
Then, by the last step in the proof of Theorem 5, and using Lectures, II, 
§ 405, we have 

(2) i, = fs^ = 5(^). 

But ^ may also be considered as the integrand set of an auxiliary function 
F defined over 3 ( /8 = ) and such that the set of points at which F = P 
is that part of -3 ( j8 = ) which is the projection of ^(0) on B . Since 
3^ ( /8 ) and -3' ( /3 ) are separated parts of S ( ;8 ) it is evident that i^ is a separated 
function in ^ ( ;8 = ) . Hence, by Theorem 9 and Lectures II, § 405, 

£/»3f ^ 

F= 3(^)# = 3, 

and hence, by Theorem 7, -3 and -3' are separated parts of S . 

* We may denote, for convenience, the points as well as the length of a section of B , corre- 
sponding to a point of 58 , by L 
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For any point a; of i8 , S/s is a monotone decreasing function of /3 in ( , Jf ) 
and has, therefore, a Riemann integral, and 

(4) R\ (5g(^/3= ^^d^ = ^{x), 

by Lectures, II, §§ 381, 2 and 405. By Lectures, II, § 404, 

S = l-A = l- {{),M) ■^ = S{x) ■%= fs(x). 

Hence S is L-iterable with respect to SB . But 3 is a separated part of S 
and therefore, by Theorem 5, is also i-iterable. Hence 






«/» 
This with (4) gives 

(5) B= [r r^.d^^ f ff, 

•^S tJo •-'6 «/(5 

by Theorems 9 and 10. Equations (5), (3), and (2) give 

f\'fff- 

•JO «/6 <J^ 

Applying Theorem 9, we obtain (1), and our proof is complete for this case. 

We may now prove the theorem for a function of unrestricted sign, in a 
similar manner, by using Theorem 9, Corollary 2, or by using a method similar 
to Lectures, II, § 422. 

For any section ©, corresponding to a point of b, the upper integral, the 
lower integral, and the integral of / over © are identical. For points of i8 — b , 
/ may not be integrable over the corresponding sections S . However, / has 
an upper and a lower integral over these sections. Since, by Theorem 10, 
^ — b is a null set we have from (1) and Lectures, II, § 380, 2: 

Theobem 12. Let /(.-Ci, • • • a;„) be a separated function in 21 = 53 • © 
which is L-iterable with respect to i8 . Then 






Theorem 13. Let f(xi, • • • Xn) be defined for the points of §1 = 53 • © 
and such that < n ^f < M . Let 






Then f is a separated function in 21 and 21 = i8 • S is L-iterable with respect to 53 . 
We have already proved in Theorem 8 that / is a separated function in 21 . 
It remains to show that 
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(1) 1= fi. 

Under Theorem 11 it is only the left hand equality in equations (2) that 
depends upon the fact that 31 is i-iterable. Using the same notation as in 
the proof of that theorem, we have, from Theorem 9 and equations (5), (3), 
and (2) under Theorem 11, 

(2) /= i? g,d^ = ^= 5(^)^^= \^,A?. 
Also by Theorem 9 and Lectures^ II, § 381, 2, 

By hypothesis, this relation with (2) gives 

\ %d^^ \ S,c?/3, 
or 

(3) \ %+\ %,d^= \ e+ S,(^/3. 

As in Theorem 5, equation (2), 

(4) is fi, i, s fi^. 

Suppose that the inequality sign holds in the first relation of (4). Then (3) 
gives 

But, by the second relation of (4) 

\ %d^^ \ d^dfi, 

*' II.'. v^ c/as 

which is a contradiction. Hence the equality sign holds in the first relation 
•of (4), which proves (1). 

Imagine the unit interval divided into two non-measurable Van Vleck sets,* 
Vi and V2. The following examples violate the conditions of Theorem 11 or 
•of Theorem 13. As a consequence the conclusions of those theorems do not 
liold for these examples. 

* Loc. cit. See also Lectures, II, § 366. 
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Example 1. Let/ = 1 for a; in »i, S 2/ ^ 1 , 
= 2 f or a; in t)2 , ^ 2/ ^ 1 . 



f/=2, r/=i. 



In this example / is not a separated function in 31 . 
Example 2. Let / = 1 for a; in »i , ^ t/ ^ 1 , 
= 1 for a; in ?)2 , 1 = 2/ = 2 . 



r/=2, ff/^i 



Here 31 is not i-iterable with respect to 53 . 
Example 3. Let / = 1 f or a; in »i , ^ 2/ ^ 1 , 
= for a; in i'2 , 1 = 2/ = 2 . 






1 



Here / is equal to zero at certain points. As a consequence 31 is not L-iterable 
with respect to ^ . 

Example 4. Let / = 1 f or a; in i)i , ^ 2/ ^ 1 , 

= 1 for a; in ^2 , iV = 2/ = lie > 

= — 1 for a; in ?)i , 1 < 2/ = lye > 

= — 1 for x in v^ , I^q < y ^1\ . 



/ = ItV - i = 


15 
16 ' 


J,-- 


1 _ 

16 - 


15 

16 ' 


Hence 












1 = 


li, s = 


= iiV 


t 


Hence 31 is not i-iterable with respect to i8 . 
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